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ABSTRACT
We derive the BRST cohomology of the GG topological model for the case of
A
(1)
N−1. It is shown that at level k =
p
q − N the latter describes the (p, q) WN
minimal model coupled to WN gravity (plus some extra “topological sectors”).
† Work supported in part by the US-Israel Binational Science Foundation and the Israel
Academy of Sciences.
Recently the space of physical states of the G
G
topological models
[1,2]
for the
case of A
(1)
1 was extracted.
[3]
By applying the method of ref. [4] the cohomology
of the gauge symmetry BRST operator was computed. Using a twisted energy-
momentum tensor an intriguing correspondence between the SL(2)
SL(2) model with level
k = pq − 2 and (p, q) models coupled to gravity was established. In the present
work we extend this analysis to the A
(1)
N−1algebra and show that the model de-
scribes WN strings.
[5]
More precisely, the k = pq − N level model contains (p, q)
WN minimal models
[6]
coupled to WN gravity with some extra “topological sec-
tors”. We shall present some evidence which support this result and also work
out explicitely the BRST cohomology. Related results were obtained previousely
within the Hamiltonian reduction approach,
[7]
which has common features to our
appraoch. In particular it has been shown that the SL(N,R) Kac-Moody algebra
at level k = p
q
−N gave rise to the (p, q) WN algebra.[7]
The GG TQFT is constructed by gauging the anomaly free diagonal G group
of the WZW model. The quantum action of the model was shown to be com-
posed of three decoupled parts:
[8,9]
Sk(g)− a WZW model of level k with g ∈ G,
S−(k+2CG)(h)− a WZW model of level −(k + 2CG) with h ∈ G, and a dimension
(1, 0) system of anticommuting ghosts ρ and χ in the adjoint representation of the
group. The action, thus, reads
Sk(g, h, ρ, χ) = Sk(g) + S−(k+2CG)(h)− i
∫
d2zTr[ρ¯∂χ + ρ∂¯χ], (1)
where CG is the second Casimir of the adjoint representation. For fractional level
we take for G the non-compact group SL(N,R). In this case parametrizing the
gauge fields by orbits of GC , the complexificaiton of G, is not permissible
∗
and
thus the naive passage from the gauged WZW action to the one given in eqn. (1)
may not hold. Nevertheless, one can always take the action of eqn. (1) as the
definition of the model.
∗ We thank E. Witten for paying our attention to this point.
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Invariance of each of the three terms under holomorphic G transformations
gives rise to three Kac-Moody currents J(z) = g−1∂g, I(z) = h−1∂h and J (gh)
a
=
fabcχ
bρc of levels k,−(k + 2cG) and 2cG respectively.
We decompose the Ja currents ( and similarly the Ia and J (gh)
a
) to those
related to the Cartan sub-algebra generators and to those related to the positive
and negative roots. In the present work we are interested in A
(1)
N−1and thus there
are N − 1 of the former which we denote by J i, i = 1, ..., N − 1 and N(N−1)2 of
the latter which we denote by J±(ij). Each of the J±(ij) corresponds to a root
±(αi + αi+1 + ... + αj−1 + αj) where the simple roots are α1, ..., αN−1 and with
1 ≤ i ≤ j ≤ N − 1. The operator product algebra takes now the form
J i(z)Jj(ω) =
gijk
(z − ω)2 +O(z − ω)
J i(z)J±(jk)(ω) =
f
i±(jk)
±(lm) J
±(lm)(ω)
(z − ω) +O(z − ω)
J+(ij)(z)J−(kl)(ω) =δikδjl[
k
(z − ω)2 +
f
+(ij)−(kl)
m J
m(ω)
(z − ω) ] +
f
+(ij)−(kl)
±(mn) J
±(mn)(ω)
(z − ω) +O(z − ω),
J±(ij)(z)J±(kl)(ω) =
f
±(ij)±(kl)
±(mn) J
±(mn(ω)
(z − ω) +O(z − ω),
(2)
where gij is the inverse Cartan matrix, given by gij = 1NMin(i, j)(N −Max(i, j)),
and fabc are the group structure constants.
We define now J (tot)
a
J (tot)
a
= Ja + Ia + J (gh)
a
= Ja + Ia + ifabcχ
bρc (3)
which obeys a Kac-Moody algebra of level
k(tot) = k − (k + 2cG) + 2cG = 0. (4)
The total energy-momentum tensor T (z) is a sum of Sugawara terms of the Ja and
3
Ia currents and the usual contribution of a (1, 0) ghost system, namely
[8,9]
T (z) =
1
k + cG
: JaJ
a : − 1
k + cG
: IaI
a : +ρa∂χ
a. (5)
The corresponding Virasoro central charge vanishes
c(tot) =
kdG
k + cG
− (k + 2cG)dG−(k + 2cG) + cG − 2dG = 0 (6)
as it is the case for any TCFT. In each of the three sectors of the model one can
generalize the symmetry generator T (z) ≡W (2)(z) to W (l) for l = 2, ..., N . W (l) is
built as a symmetric normal ordered lth product of the currents associated with the
lth Casimir operator. For instance the purely J sector contribution to W (3)
[10]
will
be
W
(3)
J = η
(3)d(abc) : JaJbJc : (7)
where d(abc) is the symmetric traceless tensor invariant of the underlying Lie al-
gebra, and η(3) =
√
N [3(N + k)
√
2(N + k)(N2 − 4)]−1. The generator W (3) can
then be constructed from W
(3)
J , W
(3)
I , W
(3)
J(gh)
and similar cubic terms with mixed
currents along the lines of ref.[10].
It is easy to realize that the basic algebraic structure of a TCFT
[11,12]
is obeyed
by the model. This is expressed in terms of two bosonic and two fermionic op-
erators. The former are T (z) and the “ghost number current” J# = χaρ
a. The
fermionic currents are a dimension one current which is the BRST current J (BRST )
and a dimension two operator G. These holomorphic symmetry generators are
given by
J (BRST ) =χa[J
a + Ia + 12J
(gh)a]
G =
1
k + cG
ρa[J
a − Ia]
(8)
The TCFT algebraic structure now reads
T (z) ={Q,G(z)}
J (BRST ) ={Q, j#(z)}
(9)
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where Q =
∮
J (BRST )(z) is the BRST charge. In addition to T (z) and J (BRST )(z),
the total current J (tot)
a
is also BRST exact,
J (tot)
a
(z) = {Q, ρa}. (10)
An essential step for the extraction of the physical states
[3]
of the theory and for the
comparison with (p, q) WN string models, is the parametrization of the currents in
terms of free fields. For the Ja sector we introduce a set of scalars φi, i = 1, ..., N−1
with φi(z)φj(ω) = −δi,j log(z−ω) and a commuting (1, 0) system β(ij), γ(ij) (i ≤ j)
for each positive root obeying γ(ij)(z)β(kl)(ω) = δikδjl 1(z−ω) . The explicit form of
the J in and J
+(ij)
n currents in terms of these free fields
[13,18]
is given by
J
+(ij)
n =β
(ij)
n −
∑
m
i−1∑
k=1
: γ
(k,i−1)
m β
(kj)
n−m :
J in =
N−1∑
j=1
gij[ν~αj · ~φn + 2
∑
m
: γ
(jj)
m β
(jj)
n−m :
−
∑
m
j−1∑
k=1
(: γ
(k,j−1)
m β
(k,j−1)
n−m : − : γ(kj)m β(kj)n−m :)
−
∑
m
N−1∑
k=j+1
(: γ
(j+1,k)
m β
(j+1,k)
n−m : − : γ(jk)m β(jk)n−m :)]
(11)
These expressions as well as those for the negative root currents are derived by
applying the commutation relations for the currents which correspond to the simple
roots:
J
+(ii)
n =β
(ii)
n −
∑
m
i−1∑
k=1
: γ
(k,i−1)
m β
(ki)
n−m :
J
−(ii)
n =−
∑
m
γ
(ii)
m ν~αi · ~φn−m + (k + i− 1)nγ(ii)n
+
∑
m
N−1∑
k=i+1
: γ
(i,k)
m β
(i+1,k)
n−m : −
∑
m
i−1∑
k=1
: γ
(k,i)
m β
(k,i−1)
n−m :
−
∑
l,m
: γ
(ii)
n−m−l[
N−1∑
k=i
γ
(ik)
m β
(ik)
l −
N−1∑
k=i+1
γ
(i+1,k)
m β
(i+1,k)
l ] :
(12)
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with ν2 = k + N . The free field parametrization of the I sector is done using
a similar set of fields denoted by φ˜, β˜ and γ˜ . Our experience with the A
(1)
1 case
taught us that in order to follow the analysis of ref. [4] we would have to perform
an involution, namely, I in ↔ −I in , I+(ij)n ↔ I−(ij)n , k → −k−2N , ν → iν and then
invoke the free field parametrization. Alternatively one can perform the involution
in the J sector and use for the I sector the analogs of eqns. (12),(11).
The correspondence between SL(2, R) GG models of level k =
p
q − 2 and (p, q)
minimal models coupled to gravity was demonstrated
[3]
using a twisted energy-
momentum tensor. The generalization of the latter to the SL(N,R) case is given
by
T (z)→ T˜ (z) = T (z) +
N−1∑
i=1
∂J (tot)
i
(z) (13)
Obviously since T (z) and ∂J (tot)
i
(z) are BRST exact so is T˜ (z). Using eqn. (2) it
is easy to verify that the Virasoro central charge of each sector is shifted to
c→ c˜ = c− 12k
∑
i,j
gij = c− dGcGk = c− (N − 1)N(N + 1)k, (14)
where k is the level of that sector.
The twisted ghost system will be shown to include the ghosts of a WN gravity,
namely, a sequence of ghosts with dimensions (i, 1− i) for i = 2, ..., N contributing
c˜Wgh = −2(N − 1)[(N + 1)2 + N2] to c˜. The rest of the ghosts are paired with
commuting fields of the same conformal structure coming from the J and I sectors.
Therefore, the net matter degrees of freedom have the following Virasoro anomaly
c = c˜J − 12 [c˜(gh) − c˜Wgh] = (N − 1)[(2N2 + 2N + 1) − N(N + 1)(t + 1t )] which
is exactly that of a (p, q) minimal WN matter sector
[6]
provided t ≡ k + N = pq .
This can be explicitly verified by analyzing the dimensions and contributions to c˜
of the various free fields in the J sector. Recall that before twisting (β(ij), γ(ij))
are commuting (1, 0) systems and the contribution of the set of all φi to c is
cφ = (N − 1) − 12
∑
i,j
gij
k+N = −(N − 1)[ (N
2+N)
t − 1]. Due to the twisting the
6
(β(ij), γ(ij)) systems acquire dimensions of (i−j, j− i+1) and thus there are N−1
systems of dimension (0, 1), N − 2 pairs of fields of dimension (−1, 2) up to one
pair of dimensions (2 − N,N − 1) where we have used the bosonization of eqns.
(12),(11) in this sector. The φ central charge is modified to
c˜φ = (N − 1)[(2N2 + 2N + 1)−N(N + 1)(t+ 1
t
)] (15)
This result is identical to the net matter contribution to c given above and hence
the φi fields are in fact those of the WN model. A further indication of this
equivalence is the dimensions of the φ fields which correspond to the maximal
weights λj =
∑
k g
jk[(rk − 1)− t(sk − 1)] where λj are defined below in eqn. (20).
After the twisting the dimensions are
∆r1,...,rN−1,s1,...,sN−1 =
12
∑
i,j g
ij(psi − qri)(psj − qrj)−N(N2 − 1)(p− q)2
24pq
(16)
as in theWN minimal models.
[6]
If one parametrizes the I sector in the same way as
the J sector, then clearly the modified dimensions of the (β˜(ij), γ˜(ij)) fields are the
same as those without tilde. From the point of view of their contribution to c˜ the
φ˜i fields are then identical to those of WN gravity. This is achieved by replacing t
with −t in c˜φ defined above. Using an inverse parametrization in this sector, the
WN gravity modes and the fields which pair with the redundant ghosts are not
any more the φ˜i and (β˜(ij), γ˜(ij)) fields respectively but rather some combination
of them. With respect to the untwisted T the ghosts (ρa, χa) are all of dimension
(1, 0). The ghost part of T˜ (z) has the form
T˜ (gh)(z) =gab : ρ
a∂χb :
+
∑
1≤i≤j≤N−1
(j − i+ 1)∂[: ρ−(ij)(z)χ+(ij)(z) : − : ρ+(ij)(z)χ−(ij)(z) :].
(17)
It is thus obvious that the members of the Cartan sub-algebra ρi, χi remain (1, 0)
fields. On the other hand the pair (χ+(ij), ρ−(ij)) carries now dimensions (i− j −
7
1, 2 + j − i) and (χ−(ij), ρ+(ij)) carry dimensions (j − i+ 1, i− j). Altogether one
finds for the (χ, ρ) ghosts N − 1 pairs of fields of dimension (0, 1) coming from the
Cartan sub-algebra, N − 1 pairs of dimension (−1, 2), N − 2 pairs of dimension
(−2, 3) up to a pair of dimension (1−N,N), and similarly N−1 pairs of dimension
(1, 0) up to one pair of dimension (N − 1, 2 − N). It is now clear that when the
dust settles the GG model of SL(N,R) at level k =
p
q − N has the field content
of a minimal WN (p, q) model coupled to WN gravity plus pairs of “topological
sectors” namely pairs of commuting and anti-commuting (i, 1 − i) ghost systems
for i = 1, ..., N − 1.
Next we proceed to extract the space of physical states of the model. The
physical states are in the cohomology of Q, the BRST charge , |phys >∈ H∗(Q).
Since both J (tot)
a
n and Ln are Q exact (eqn.(9),(10) ), it is clear that
L0|phys >= 0 J (tot)
i
0|phys >= 0 (i = 1, ..., N − 1) (18).
and therefore we can work on the space annihilated by L0 and J
(tot)i
0. Note that
since J (tot)
i
0 is Q exact the physical states before and after twisting are the same.
We can, therefore, concentrate on the untwisted G
G
theory. The BRST charge can
be decomposed into
Q = χi0J
(tot)i
0 +M
iρi0 + Qˆ
M i = −12f ibc
∑
n
: χb−nχ
c
n :
(19)
where the i− sum is over the Cartan subalgebra, so that on the sub-space of states
annihilated by ρi0, Q = Qˆ. We build the states of H
∗(Qˆ) on a highest weight
vacuum |J, I > obeying the following relations
Jan>0|~λJ , ~λI >=0 J+(ij)0 |~λJ , ~λI >= 0 J i0|~λJ , ~λI >= λiJ |~λJ , ~λI >
Ian>0|~λJ , ~λI >=0 I+(ij)0 |~λJ , ~λI >= 0 I i0|~λJ , ~λI >= λiI |~λJ , ~λI >
χan>0|~λJ , ~λI >=0 ρan≥0|~λJ , ~λI >= 0.
(20)
The weights in this parametrization are
∑
~αiλ
i
J and
∑
~αiλ
i
I , respectively. Using
the free field parametrization of the currents (11), it is straightforward to check
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that β
(ij)
0 |~λJ , ~λI >= γ˜(ij)0 |~λJ , ~λI >= 0. In order to apply the spectral sequence
decomposition
[4]
of the BRST charge, we have to assign a degree to the various
fields. We use an assignment that generalizes the one used for the A
(1)
1 case
[3]
and
which produces as the lowest degree term in Q a term with zero degree.
This assignment reads
deg(χa) = deg(γ(ij)) = deg(γ˜(ij)) = deg(φi+) = 1
deg(ρa) = deg(β(ij)) = deg(β˜(ij))) = deg(φi−) = −1
(21)
where φi±n =
1√
2
(φin± iφ˜in). The decomposition of Qˆ into terms of different degrees
is given by
Qˆ =Q(0) +Q(1) + ...+Q(N+1)
Q(0) =
∑
n
∑
1≤i≤j≤N−1
(χ
−(ij)
−n β
(ij)
n + χ
+(ij)
−n β˜
(ij)
n ) +
√
2ν
∑
n6=0
N−1∑
i=1
χi−n(~αi · ~φ−n )
(22)
where deg(Q(n)) = n. We do not write down expresions for Q(n6=0) since they
would not be needed for the extraction of physical states. Let us now examine
the cohomology H∗(Q(0)). The conformal dimension operator L0 when acting on
a given state has two parts: one that determines the level of the vacuum state and
the other that determines the dimension of the excitations
 L0 =Lˆ0 +
1
2(k +N)
[
∑
i,j
gij(λ
i
Jλ
j
J − λiIλjI)− 2
∑
i
(λiJ − λiI)]
Lˆ0 =
∑
n
∑
1≤i≤j≤N−1
n[: β
(ij)
−n γ
(ij)
n : + : β˜
(ij)
−n γ˜
(ij)
n : + : ρ
+(ij)
−n χ
−(ij)
n : + : ρ
−(ij)
−n χ
+(ij)
n :]
+
∑
n6=0
N−1∑
i=1
[n
N−1∑
j=1
gij : ρ
i
−nχ
j
n : + : φ
i+
−nφ
i−
n :]
(23)
In analogy to the SL(2) GG model
[3]
one can easily verify that Lˆ0, the contribution
9
to L0 of the excitations, is Q
(0) exact
Lˆ0 = {Q(0), Gˆ(0)}
Gˆ0 = −
∑
n
∑
1≤i≤j≤N−1
n[ρ
+(ij)
n γ
(ij)
−n + ρ
−(ij)
n γ˜
(ij)
−n ] +
1√
2ν
∑
n6=0
N−1∑
i,j,k=1
gijρ
i
nǫ
k
jφ
k+
−n.
(24)
where ǫjk are a set of numbers obeying
∑N−1
i=1 α
j
i ǫ
k
i = δ
jk. Hence, Lˆ0 annihilates the
states in the cohomology of Q(0) on the Fock space and there are no excitations
in H∗(Q0). Since both L0 and Lˆ0 annihilate physical states so does L0 − Lˆ0
and therefore there is a restriction on the vacuum |~λJ , ~λI > . The states built
on this vacuum may contain only the zero modes β˜
(ij)
0 , γ
(ij)
0 , χ
−(ij)
0 , χ
+(ij)
0 . The
computation of Ker(Q
(0))
Image(Q(0))
for the A
(1)
1 is written down in ref. [3]. An analogous
computation for A
(1)
N−1gives
Hrel(Q(0)) = {
∏
1≤i≤j≤N−1
χ
+(ij)
0 |~λJ , ~λI >; λiJ + λiI = −i(N − i)}. (25)
The condition λiJ + λ
i
I = −i(N − i) is analogous to I = −(J + 1) for the SL(2)
case. The absolute cohomology (without the restriction ρi0 = 0 )is
Habs(Q(0)) ≃ Hrel(Q(0))⊕
∑
{k1,...,kl}
χk10 ...χ
kl
0 H
rel(Q(0)) (26)
where the sum is over {k1, ..., kl} which are all possible subsets of the set 1, ..., N−1.
Thus, each state in the relative cohomology gives rise to 2N−1 states in the absolute
cohomology. Next we want to examine whether H∗(Q(0)) ≃ H∗(Q). In ref. [4]
it was shown that the latter holds when the degree is bounded on the Fock space
built on |~λJ , ~λI >. Since the physical states are annihilated by L0, it is clear that
for a given ~λJ , ~λI the degree carried by the excitations is bounded. Hence, one has
to consider possible contributions to the total degree from zero modes. Obviously,
there can be only one zero mode for each χ that corresponds to a root. If we
denote by N(ij) and N˜(ij) the number of γ
(ij)
0 and β˜
(ij)
0 respectively, the condition
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∑
i J
i
0 = 0 bounds
∑
1≤i≤j≤N−1(j−i+1)(N(ij)+N˜(ij)) from both sides. Since N(ij)
and N˜(ij) are non-negative it implies that all of them are bounded separately and
thus also their contribution to the total degree which is
∑
1≤i≤j≤N−1(N(ij)−N˜(ij)).
We conclude that using the lemmas of ref. [4] the isomorphism H∗(Q(0)) ≃ H∗(Q)
holds, and thus in the cohomology of Q there is a single state built on the vacuum
|~λJ , ~λI > and it carries ghost number G = N(N−1)2 .
To derive the space of physical states one has to translate the cohomology on
the Fock spaces into the space of irreducible representations of A
(1)
N−1in the matter
sector. In analogy to the totally reducible representations of SL(2, R)
[3]
, there are
similar ones for SL(N,R) provided k +N = pq and for particular highest weights.
A brief discussion of the latter is presented in the appendix.
A generalization of the procedure of ref. [17] enables us to write down the
irreducible representations as the cohomology of a BRST like operator QJ ,
[18]
acting
on a union of the Fock spaces, at zero degree. The relevant cohomology with ghost
number G = n is given by
[3]
H
(n)
rel [H
(0)(F~λJ , QJ)× F~λI ×F
G, Q] (27)
where F~λJ is the relevant union of Fock spaces and where we shift the definition
of the ghost number by N(N−1)2 . Due to the fact that QJ commutes with all
the currents, and that both cohomologies are non-zero at a single degree, this
cohomology is isomorphic to
[3]
H(n)[H
(0)
rel (F~λJ × F~λI ×F
G, Q), QJ ]. (28)
The cohomology in the brackets is exactly the one computed above. Hence, for a
given ~λI , there is a physical state iff it is built on a vacuum λ˜J contained in F~λJ
obeying λ˜iJ + λ
i
I = −i(N − i) and carrying a ghost number equal to the degree of
λ˜J in the QJ complex. Denoting Ji =
1
2
∑N−1
j=1 gijλ
j
I , the condition on the highest
11
weight state reads
2(Ji)ri,si + 1 = ri − (si − 1)(k +N) (29)
where
∑N−1
i=1 ri < p,
∑N−1
i=1 si < q +N − 1. In the A(1)1 model it was found
[3]
that
there is a single state at each ghost number G = −2l built on |Jr,s,−Jr+2lp,s−1 >
and a single state for G = 1 − 2l built on |Jr,s,−J−r+2lp,s − 1 >. In the present
case of A
(1)
N−1there is an N − 2 dimensional lattice of states for each ghost number
and J . This follows from the N − 1 dimensional lattice of Fock spaces which are
derived by Weyl reflections as well as shifts by linear combination of roots.
[18]
In the present work the space of physical states of the G
G
model based on
A
(1)
N−1was derived by computing the cohomology of the gauge BRST charge on the
space of Kac-Moody irreducible representations in the “matter sector”. We showed
that after twisting, apart from some ”topological sectors”, the conformal properties
of the fields of the model at level k + N = pq are the same as those of (p, q) WN
strings. In the A
(1)
1 case
[3]
with k + 2 = p
q
the partition function on the torus was
shown to be identical to that of the (p, q) minimal model coupled to gravity. In
the present case one can repeat this calculation by inserting the values of the Lˆ0
and Ĵ (tot)
i
0 of the physical states into an index of the form Tr[(−)GqLˆ0eiπθ
iĴ(tot)
i
0 ],
where θi are associated with the moduli of flat gauge connection on the torus.
For a particular value of the moduli this reduces to Tr[(−)GqL˜0 ], where L˜0 is the
twisted one given in eqn. (13), and should reproduce the torus partition function
of the (p, q) WN strings. An interesting question is the relation between the A
(1)
N−1
G
G
models and the twisted Kazama-Suzuki models.
[14]
The explicit formulation of the
Kazama-Suzuki models as gauged WZW models was discussed in ref. [15]. More-
over, the G
G
models can be embedded into topological matter theories obtained by
twisting hermitian symmetric N=2 supersymmetric coset models.
[16]
The Kazama
Suzuki models based on the coset
SU(N)
SU(N−1)×U(1) fall into this class of models. In
addition, it has been shown that these models have WN algebra as their chiral
algebra.
[20]
It is interesting to note that one can consider a whole series of N = 2
supersymmetric coset models by taking for G = SU(N) the following subgroups
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H = U(1)N−1, SU(2)× U(1)N−2, ..., SU(N − 1)× U(1) with fermions residing in
the coset. Upon twisting one obtains a corresponding series of topological models.
Formally the GG model will be the next one in this series. The cohomologies as-
sociated with these models and their relations to the cohomology of the GG model
is under current investigation. Some related work for the case of H = U(1)N−1
can be found in ref. [19]. Another issue that has to be resolved is the precise
relation between the cohomology of the Kac-Moody BRST operator and that of
the Virasoro and WN cohomologies. Resolving that question may open the way
to the use of the Kac-Moody BRST charge ( linear in the currents) to deduce WN
cohomologies.
Upon completion of this work we have received a work
[21]
where the cohomology
of the A
(1)
1
G
G case is discussed.
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APPENDIX
Totally irreducible representations of SL(N,R)
According to the Kac-Kazhdan formula
[22]
a highest weight representation ~Λ
has a singular vector of degree n~α for n a positive integer and ~α a positive root of
level k SL(N,R), iff
Φ~α,n(~Λ) ≡ (~Λ+ ~µ, ~α)−
n
2
(~α, ~α) = 0 (A.1)
where ~µ is the sum of the fundamental weights which obey (Λi, αj) = δij with
i, j = 0, ..., N − 1. Let us now parametrize the highest weight representations as
13
follows
~Λ = (k − 2J1 − 2J2 − ...− 2JN−1)~Λ0 +
N−1∑
i=1
2Ji~Λi (A.2)
The positive roots of the A
(1)
N−1algebra are
(i) α =n′(α0 + α1 + ...+ αN−1) + (αi + αi+1 + ... + αj) n′ ≥ 0, 1 ≤ i ≤ j ≤ N − 1
(ii) α =n′(α0 + α1 + ...+ αN−1) n′ ≥ 1
(iii) α =n′(α0 + α1 + ...+ αN−1)− (αi + αi+1 + ...+ αj) n′ ≥ 1, 1 ≤ i ≤ j ≤ N − 1
(A.3)
The simple roots( for N > 2) obey the scalar product
(αi, αj) =


2 i = j
−1 i− j = ±1 (mod N)
0 otherwise
(A.4)
Substituting eqn.(A.2) and eqn.(A.3) for ~Λ and ~α respectively, the condition for
singular vectors eqn.(A.1) takes the form
(i)Φ~α,n(~Λ) = (k +N)n
′ − n + (2Ji + 2Ji+1 + ... + 2Jj) + (j − i+ 1) = 0
(ii)Φ~α,n(~Λ) = (k +N)n
′ = 0
(iii)Φ~α,n(~Λ) = (k +N)n
′ − n− (2Ji + 2Ji+1 + ...+ 2Jj)− (j − i+ 1) = 0
(A.5)
Equation (ii) has obviously a solution only for k = −N . Let us define the totally
reducible representation as the one that corresponds to the maximal number of
n, n′ which solve equations (i) and (iii). Infinitely many solutions for n, n′ exist
provided k + N = pq where p, q are two integers with no common divisor. In
that case for every n, n′ solution, n + p, n′ + q also solves the equations. In fact
n + lp, n′ + lq solves equation (i) and −(n + l′p),−(n′ + l′q) solves (iii) when the
shifted numbers are still in the allowed domains. The maximal number of solutions
14
occurs therefore only for 0 ≤ n′ < q and 0 < n < p. Denoting n, n′ for i = j by
ri, si one gets
2Ji + 1 = ri − (k +N)(si − 1) (A.6)
which has the same form as the condition for the singular state for the A
(1)
1 case.
Imposing the previous constraints for all ~α one finds that ri si are positive integers
that obey
N−1∑
i=1
(si − 1) < q
N−1∑
i=1
ri < p (A.7)
.
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